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Abstract. Let X = (X,B, µ) be a σ-finite measure space and f : X → X be a mea-
surable transformation such that the composition operator Tf : ϕ 7→ ϕ ◦ f is a bounded
linear operator acting on Lp(X,B, µ), 1 ≤ p < ∞. We provide a necessary and suffi-
cient condition on f for Tf to be topologically transitive or topologically mixing. We
also characterize the topological dynamics of composition operators induced by weighted
shifts, non-singular odometers and inner functions. The results provided in this article
hold for composition operators acting on more general Banach spaces of functions.
1. Introduction
It is widely known that bounded linear operators acting on infinite dimensional Banach
spaces may present chaotic behaviour (see [1, 8]). Special attention has been devoted to
the study of chaos in the sense of Devaney and Li-Yorke (see [2, 3, 7]). One of the key
ingredients of chaos is the notion of topological transitivity. More specifically, a bounded
linear operator T acting on a Banach space X is topologically transitive if for any pair
U, V ⊂ X of nonempty open sets, there exists an integer k ≥ 0 such that T k(U) ∩ V 6=
∅. When X is a separable Banach space, topological transitivity is equivalent to being
hypercyclic, that is, to the existence of a dense T -orbit Orb (ϕ, T ) = {ϕ, Tϕ, T 2ϕ, . . .}.
Here we are interested in the dynamics of the composition operator Tf : ϕ 7→ ϕ ◦ f
acting on a Banach space of functions X . This is a subject that already appeared in
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the literature for regular functions, like holomorphic functions (see for instance [14]) or
smooth functions (see [12]). Here, we focus on measurable functions and Lp-spaces. More
precisely, let (X,B, µ) be a σ-finite measure space and (X , ‖·‖) ⊂ L0(µ) be a Banach
space of functions defined on X . We will always assume that µ(X) > 0 and that X is
a lattice: if ψ1, ψ2 are measurable functions with |ψ1| ≤ |ψ2| and ψ2 ∈ X , then ψ1 ∈ X
and ‖ψ1‖ ≤ ‖ψ2‖. We will say that X is admissible provided it satisfies the following
assumptions
(H1) For any A ∈ B with finite measure, the function χA belongs to X ;
(H2) The set of simple functions which vanish outside a set of finite measure is dense
in X ;
(H3) For all ǫ > 0, there exists δ > 0 such that, for all ψ ∈ X , for all S ∈ B, |ψ| ≥ 1 on
S and ‖ψ‖ ≤ δ imply µ(S) < ǫ/2;
(H4) For all η > 0 and for all M > 0, there exists ǫ > 0 such that for all ψ ∈ X , for all
S ∈ B, µ(S) < ǫ, ψ = 0 on X\S and |ψ| ≤ 2M imply ‖ψ‖ < η/2.
It is clear that Lp-spaces are admissible (in particular, (H3) follows from Markov’s in-
equality). Throughout the paper, we will assume that f : X → X is nonsingular (namely
µ
(
f−1(S)
)
= 0 whenever µ(S) = 0). This ensures that ϕ ◦ f is well-defined for ev-
ery ϕ ∈ L0(µ). A necessary and suffficient condition for boundedness on Lp(µ) is the
existence of some c > 0 such that µ
(
f−1(B)
)
≤ cµ(B) for all B ∈ B (see [15]).
Our first result is a necessary and sufficient condition for the composition operator Tf
to be topologically transitive. We do not make any extra assumption: neither X need to
have finite measure nor f has to bimeasurable or injective.
Theorem 1.1. Let (X,B, µ) be a σ-finite measure space and X be an admissible Banach
space of functions defined on X. Let f : X → X be measurable such that the composition
operator Tf : ϕ 7→ ϕ ◦ f is bounded on X . Then the following assumptions are equivalent:
(A1) Tf is topologically transitive;
(A2) f−1(B) = B and, for all ǫ > 0, for all A ∈ B with finite measure, there exist
B ⊂ A measurable, k ≥ 1 and C ∈ B such that
µ(A\B) < ǫ, µ(f−k(B)) < ǫ, fk(B) ⊂ C and µ(C) < ǫ.
We mention that a version of Theorem 1.1 has been already given by Kalmes in [9,
Theorem 2.4] under additional assumptions. More specifically, he assumes that X is σ-
compact, µ is locally finite and f : X → X is injective and continuous. As we show
throughout this article, there are plenty of topologically transitive composition operators
whose underlying map f : X → X is not continuous or is defined on a space X that it is
not σ-compact.
Another key ingredient of chaos is the notion of topological mixing. A bounded linear
operator T : X → X of a Banach space X is topologically mixing if for any pair U, V ⊂ X
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of nonempty open sets, there exists an integer k0 ≥ 0 such that T
k(U) ∩ V 6= ∅ for every
k ≥ k0. Our second result is the following.
Theorem 1.2. Let (X,B, µ) be a σ-finite measure space and X be an admissible Banach
space of functions defined on X. Let f : X → X be measurable such that the composition
operator Tf : ϕ 7→ ϕ ◦ f is bounded on X . Then the following assumptions are equivalent:
(B1) Tf is topologically mixing;
(B2) f−1(B) = B and, for all ǫ > 0, for all A ∈ B with finite measure, there exist k0 ≥ 1
and two sequences (Bk), (Ck) of measurable subsets of X such that, for all k ≥ k0,
µ(A\Bk) < ǫ, µ(f
−k(Bk)) < ǫ, f
k(Bk) ⊂ Ck and µ(Ck) < ǫ.
Conditions (A2) and (B2) are simplified when we add extra-assumptions on f orX . For
instance, if f is one-to-one and bimeasurable, the condition f−1(B) = B is automatically
satisfied and we do not need the set C anymore since we know that fk(B) belongs to B.
If we assume moreover that the measure µ is finite, then Theorem 1.1 simplifies into
Corollary 1.3. Let (X,B, µ) be a finite measure space and X be an admissible Banach
space of functions defined on X. Let f : X → X be one-to-one, bimeasurable and such
that the composition operator Tf : ϕ 7→ ϕ ◦ f is bounded on X . Then the following
assumptions are equivalent:
(C1) Tf is topologically transitive;
(C2) For each ǫ > 0, there exist a measurable set B and k ≥ 1 such that
µ(X\B) < ǫ and B ∩ fk(B) = ∅.
Condition (C2) is the measurable version of the run-away property that appears in
the study of hypercyclic composition operators acting on the space of smooth functions.
When the measure µ is σ-finite and µ(X) =∞, Condition (C2) is sufficient but not always
necessary for the topological transitivity of Tf .
The proofs of Theorems 1.1, 1.2 and Corollary 1.3 are given in Section 2. Section 3
is devoted to examples. The first one is very classical: it is the weighted backward shift
on weighted ℓp-spaces. As already observed by Kalmes, the famous theorem of Salas
[13] falls into our context. We nevertheless recall the result to give an example of a
topologically transitive composition operator on a space with infinite measure which does
not satisfy Condition (C2). We then study classical classes of composition operators, like
nonsingular odometers or those induced by inner functions. We also exhibit several more
specific examples pointing out the relevance of our assumptions. Finally, Section 4 is
dedicated to composition operators induced by bi-Lipschitz µ-transformations.
2. Proofs of the main theorems and its corollaries
Proof of Theorem 1.1. We first show that (A1)⇒(A2). First of all, if Tf is topologically
transitive, then it has dense range and the condition f−1(B) = B characterizes composition
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operators Tf with dense range (see [15, Corollary 2.2.8]). Given ǫ > 0, let δ > 0 be such
that the claim of (H3) holds. Let A ∈ B have finite measure, then, by (H1), χA ∈ X .
Since Tf is topologically transitive, there exist k ≥ 1 and ϕ ∈ X such that
(1) ‖ϕ− 2χA‖ ≤ δ and
∥∥ϕ ◦ fk − 4χA∥∥ ≤ δ.
Let us denote
C =
{
x ∈ X : |ϕ(x)− 4| < 1
}
and D =
{
x ∈ A : |ϕ(x)− 2| < 1
}
.
By (1) and (H3) applied to ψ = ϕ−2χA and S = A\D, we have µ(A\D) < ǫ/2. The same
arguments applied to ψ = ϕ ◦ fk − 4χA and S = A\f
−k(C) yield µ(A\f−k(C)) < ǫ/2.
Hence, denoting B = D ∩ f−k(C), we have µ(A\B) < ǫ as required.
Concerning the measure of S = f−k(B), observe that
∣∣ϕ ◦ fk − 2∣∣ < 1 on S. Hence,
the function ψ = ϕ ◦ fk − 4χA satisfies |ψ| ≥ 1 on S. Then, (1) and (H3) leads to
µ
(
f−k(B)
)
< ǫ as required.
Finally, by definition of B, we have that fk(B) ⊂ C. Moreover, since C ⊂ A\D, we
conclude that µ(C) < ǫ.
Now let us prove that (A2)⇒(A1). Let U, V be nonempty open subsets of X . There
exist A ∈ B with finite measure, simple functions ψ1 =
∑
i aiχAi, ψ2 =
∑
j bjχBj
with Ai, Bj ⊂ A and η > 0 such that B(ψ1, η) ⊂ U and B(ψ2, η) ⊂ V . Without
loss of generality, we may assume that the sets Bj are pairwise disjoint and we set
M = max(‖ψ1‖∞, ‖ψ2‖∞). Let ǫ > 0 be such that the claim of (H4) holds. Let B,C
and k be given by (A2). We first define γ1 =
∑
i aiχAi∩B and γ2 =
∑
j bjχBj∩B. Let
S = A\B, then µ(S) < ǫ by (A2) and γℓ − ψℓ = 0 on X\S for all 1 ≤ ℓ ≤ 2. Moreover,
as |γℓ − ψℓ| ≤ 2M , (H4) yields
(2) ‖γ1 − ψ1‖ <
η
2
and ‖γ2 − ψ2‖ <
η
2
.
Since f−1(B) = B, we also have f−k(B) = B so that, for all j, there exist Cj ∈ B
satisfying f−k(Cj) = Bj ∩B.
We then define ϕ ∈ X by
ϕ =


γ1 on B\
⋃
j Cj
bj on each Cj
0 outside B ∪
⋃
j Cj
and we claim that ϕ ∈ U whereas ϕ ◦ fk ∈ V . Indeed, ϕ − γ1 = 0 except eventually on⋃
j Cj ⊂ C, where |ϕ− γ1| ≤ 2M . By (A2), µ(C) < ǫ. Applying (H4) we conclude that
‖ϕ− γ1‖ < η/2, which together with (2) implies ϕ ∈ U . In the same way, ϕ ◦ f
k − γ2 = 0
except eventually on f−k(B), where
∣∣ϕ ◦ fk − γ2∣∣ ≤ 2M . By (A2), µ (f−k(B)) < ǫ.
Applying (H4) yields
∥∥ϕ ◦ f−k − γ2∥∥ < η/2, which together with (2) implies ϕ ◦ f−k ∈
V . 
The proof of Theorem 1.1 also works as a proof of Theorem 1.2.
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Proof of Corollary 1.3. We first show that (C2)⇒ (A2). Note that f−1(B) = B because
f is one-to-one and bimeasurable. Now pick ǫ > 0 and A ∈ B with finite measure. Let
B ∈ B be such that µ(X\B) < ǫ and B ∩ fk(B) = ∅, then µ(A\B) ≤ µ(X\B) < ǫ and
µ
(
fk(B)
)
≤ µ(X\B) < ǫ. The last inequality µ
(
f−k(B)
)
< ǫ follows from the equivalence
B ∩ fk(B) = ∅ ⇐⇒ f−k(B) ∩ B = ∅.
Hence, (C2)⇒ (A2) and by Theorem 1.1, (C2)⇒(C1). To prove the converse, suppose
that Tf is topologically transitive. Let ǫ > 0 and A = X , then by (A2) there exist B
′ ∈ B
and k ≥ 1 such that
(3) µ(X\B′) <
ǫ
2
and µ
(
fk(B′)
)
<
ǫ
2
.
Set B = B′\fk(B′), then (3) implies (C2) because
µ(X\B) ≤ µ(X\B′) + µ
(
fk(B)
)
< ǫ and B ∩ fk(B) = ∅.

Remark 2.1. Upon the assumptions of Corollary 1.3, Condition (C2) is also equivalent to
any of the following conditions.
(C3) For each ǫ > 0, there exists a measurable set B such that
µ(X\B) < ǫ and lim inf
k→∞
µ
(
B ∩ fk(B)
)
= 0.
(C4) For each ǫ > 0, there exists a measurable set B such that
µ(X\B) < ǫ and lim inf
k→∞
µ
(
fk(B)
)
= 0.
Condition (C3) implies that the underlying map f is not light mixing (see [11, p. 10]).
Condition (C4) implies that µ is neither invariant nor equivalent to an invariant finite
measure (see [6, p. 5]).
Proof. (C2)⇒(C3). Let 0 < ǫ < µ(X)
2
. By (C2), for each k ≥ 1, there exist Bk ∈ B and
nk ≥ 1 such that
µ(X\Bk) <
ǫ
2k
and Bk ∩ f
nk(Bk) = ∅.
Set B = ∩k≥1Bk, then for every k ≥ 1,
(4) µ (X\B) < ǫ and µ (fnk(B)) <
ǫ
2k
.
We claim that {nk : k ≥ 1} is an infinite set. By way of contradiction, assume that there
exist m ≥ 1 and infinitely many k’s such that nk = m. Hence, by the second inequality in
(4), we have that µ (fm(B)) < ǫ
2k
for infinitely many k’s, leading to µ (fm(B)) = 0. On
the other hand, since f , hence fm, is nonsingular, this implies µ(B) = 0, a contradiction
with the first inequality in (4). This proves the claim. The claim together with (4)
yield lim infk→∞ µ
(
B ∩ fk(B)
)
= lim infk→∞ µ
(
fk(B)
)
= 0, showing that Condition (C3)
holds.
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(C3)⇒(C4). Let ǫ > 0. By (C3), for each k ≥ 1, there exist Bk ∈ B and nk ≥ k such that
(5) µ(X\Bk) <
ǫ
2k
and µ (fnk(Bk) ∩ Bk) <
ǫ
2k
.
Set B = ∩k≥1Bk, then (5) leads to µ (X\B) = µ (∪k≥1X\Bk) < ǫ and
µ
(
fnk(B)
)
≤ µ
(
fnk(Bk)
)
≤ µ
(
fnk(Bk) ∩Bk
)
+ µ(X\Bk) <
ǫ
2k−1
.
(C4)⇒(C2). Let ǫ > 0. By (C4), there exist B′ ∈ B and k ≥ 1 such that (3), and
therefore (C2), holds with B = B′\fk(B′). 
It is possible to give a similar corollary for topologically mixing maps. We omit the
proof.
Corollary 2.2. Let (X,B, µ) be a finite measure space and X be an admissible Banach
space of functions defined on X. Let f : X → X be one-to-one, bimeasurable and such
that the composition operator Tf : ϕ 7→ ϕ ◦ f is bounded on X . Then the following
assumptions are equivalent:
(D1) Tf is topologically mixing.
(D2) For each ǫ > 0, there exist k0 ≥ 1 and measurable sets {Bk}
∞
k=k0
such that
µ(X\Bk) < ǫ and Bk ∩ f
k(Bk) = ∅ for every k ≥ k0;
(D3) For each ǫ > 0, there exist measurable sets {Bk}
∞
k=1 such that
µ(X\Bk) < ǫ and lim
k→∞
µ
(
Bk ∩ f
k(Bk)
)
= 0;
(D4) For each ǫ > 0, there exist measurable sets {Bk}
∞
k=1 such that
µ(X\Bk) < ǫ and lim sup
k→∞
µ
(
fk(Bk)
)
< ǫ.
When the measure µ is σ-finite and µ(X) =∞, then any of the conditions (D2)-(D4) is
sufficient but not always necessary for the topological mixing of Tf .
3. Examples
3.1. Backward shift operators. Well-studied classes of operators such as Rolewicz
operators, weighted shift operators (see [13]) and the recently introduced Rolewicz-type
operators (see [4]) can be put into our framework.
The backward shift on weighted ℓp-spaces is the most natural example of composition
operator. Let X = N or X = Z and ν = (νi)i∈X be a sequence of positive real numbers.
Let σ : X → X, i 7→ i+ 1. The composition operator Tσ is called a unilateral backward
shift ifX = N and a bilateral backward shift ifX = Z. It is well-known that Tσ is bounded
on ℓp(X, ν) = {x ∈ CX ; ‖x‖p =
∑
i∈X |xi|
pνi <∞} if and only if supi∈X
νi
νi+1
<∞.
The topological transitivity and topological mixing of Tσ was characterized by Salas in
[13] (cf. Theorem 3.1 below). By proceeding as in Kalmes [9, Theorem 2.8], identifying
ℓp(X, ν) with Lp(X, µ), where µ =
∑
i∈X νiδi, one can realize that the main theorem of
[13] is a consequence of Theorems 1.1 and 1.2.
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Theorem 3.1 (Salas [13]). Let p ∈ [1,∞), X = N or X = Z, {νi}i∈X be a sequence of
positive real numbers such that supi∈X
νi
νi+1
< ∞ and σ : X → X be the map defined by
σ(i) = i+ 1. Then the following holds
(a) In the case that X = N, Tσ is topologically transitive on ℓ
p(X, ν) iff lim inf i→∞ νi = 0.
(b) In the case that X = Z, Tσ is topologically transitive on ℓ
p(X, ν) iff there exists an
increasing sequence of positive integers (nk)k∈N such that, for every i ∈ Z,
lim
k→∞
νi+nk = 0 and lim
k→∞
νi−nk = 0.
(c) Tσ is topologically mixing on ℓ
p(X, ν) iff lim|i|→∞ νi = 0.
In particular, if X is a finite measure space
(
i.e.
∑
i∈X νi <∞
)
, then Tσ is topologically
mixing.
An interesting feature of Theorem 3.1 is that it allows us to exhibit an example of a
topologically transitive composition operator which does not satisfy (C2), showing that
we cannot dispense with the assumption that X has finite measure in Corollary 1.3.
Corollary 3.2. There exists a σ-finite measure space (N, 2N, µ) such that the map σ :
N → N defined by σ(i) = i + 1 is one-to-one, bimeasurable and its composition operator
Tσ is topologically transitive but not topologically mixing. Moreover, σ does not satisfy
Condition (C2) of Corollary 1.3.
Proof. Let (νi)i∈N be the sequence of positive real numbers
(6) 1,
1
2︸︷︷︸
V1
, 1,
1
2
,
1
4
,
1
2︸ ︷︷ ︸
V2
, 1,
1
2
,
1
4
,
1
8
,
1
4
,
1
2︸ ︷︷ ︸
V3
, . . . , 1,
1
2
, . . . ,
1
2n
,
1
2n−1
, . . .
1
2︸ ︷︷ ︸
Vn, n≥3
, . . .
Note that the general term νi+1 is obtained from its antecessor νi by multiplication by 2
or division by 2, that is,
1
2
≤
νi+1
νi
≤ 2, ∀i ∈ N.
Hence, Tσ is an invertible bounded linear operator from L
p
(
X, µ
)
into itself, where µ =∑
i νiδi. By (6), lim inf i→∞ νi = 0. By the item (a) of Theorem 3.1, Tσ is topologically
transitive. On the other hand, we have that lim supi→∞ νi = 1. Hence, by the item (c) of
the same theorem, Tσ is not topologically mixing.
Now we will prove that σ does not satisfy Condition (C2) in the statement of Corollary
1.3. Specifically, let B ⊂ N be such that N\B has finite measure. We will show that for
all k ∈ N, B ∩ σk(B) has infinite measure.
Let V1, V2, . . . be the blocks of real numbers defined in (6). Denote by |Vn| the cardinality
of the set Vn. Let {In}n∈N be the partition of N defined recursively by I1 = {1, 2} and
In+1 = {1 + max In, . . . , |Vn+1|+max In}, n ≥ 1, that is,
I1 = {1, 2}, I2 = {3, 4, 5, 6}, I3 = {7, 8, 9, 10, 11, 12}, . . .
Let {cn}n∈N be the increasing sequence of positive integers defined by cn = min In, then
νcn = 1 for every n ∈ N. As µ(N\B) <∞, we have that cn ∈ B for all but finitely many
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n’s. Let m0 ∈ N be such that cn ∈ B for all n ≥ m0. For each n ≥ m0, let dn ∈ In be the
largest positive integer such that [cn, dn] ⊂ B. We claim that limn→∞(dn − cn) = ∞. In
fact, if this is false, then there is an increasing sequence {en}n∈N ⊂ N\B such that µ(en) is
a positive constant of the form 1/2ℓ, contradicting the fact that µ(N\B) <∞. Fix k ∈ N.
Let mk ≥ m0 be such that dn− cn > 2k for all n ≥ mk. Note that for any such n, we have
that σk(cn) = cn+k < dn and hence σ
k(cn) ∈ B. In this way, σ
k(cn) ∈ B∩σ
k(B) for every
n ≥ mk. Moreover, since σ
k(cn) = cn + k < (cn + dn)/2, we have that µ(σ
k(cn)) = 1/2
k.
Hence we reach
µ(B ∩ fk(B)) ≥
∞∑
n=mk
µ(σk(cn)) =
∞∑
n=mk
1
2k
=∞,
proving that σ does not satisfy (C2). 
3.2. Composition by inner functions. Let D be the complex unit disc and T = ∂D
be its boundary, the unit circle. We recall that the classical Fatou’s Theorem asserts
that a bounded holomorphic function f : D→ C has radial limits almost everywhere. A
holomorphic function f : D→ D is called an inner function if the radial limits
f ∗(ξ) = lim
r→1−
f(rξ)
have modulus 1 for almost every ξ ∈ T. Therefore, if f is inner, the radial limits define a
map f ∗ : T → T up to a set of zero Lebesgue measure. In what follows, we will simply
denote by f the function f ∗.
It was proved by Nordgren [10] that an inner function f induces a bounded composition
operator Tf on L
2(T, dλ) where λ denotes the normalized Lebesgue measure on T. The
key point in Nordgren’s argument is the following fact: for ϕ ∈ L1(T), denote by P [ϕ]
the Poisson integral of ϕ defined on D by
P [ϕ](z) =
∫
T
Re
(
ξ + z
ξ − z
)
ϕ(ξ)dλ(ξ).
Then, for any ϕ ∈ L1(T) and any inner function f , the relation
P [ϕ ◦ f ] = P [ϕ] ◦ f
holds. This lemma may be interpreted as a result about how inner functions transform
the Poisson measures on T
dmω(ξ) = Re
(
ξ + ω
ξ − ω
)
dλ(ξ),
where ω ∈ D. It says that dmω ◦ f
−1 = dmf(ω). Applying this for the particular case
ω = 0, we thus get
1− |f(0)|
1 + |f(0)|
‖ϕ‖22 ≤ ‖Tf(ϕ)‖
2
2 ≤
1 + |f(0)|
1− |f(0)|
‖ϕ‖22.
We are interested in the topological transitivity of Tf .
Theorem 3.3. Let f be an inner function. The following conditions are equivalent:
(i) Tf is topologically transitive on L
2(T).
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(ii) Tf is topologically mixing on L
2(T).
(iii) f is an automorphism of the disk with no fixed point in D.
Proof. We first assume that Tf is topologically transitive. Let us show that f has no fixed
point in D. We argue by contradiction and assume that it has a fixed point ω ∈ D. By
the discussion above, the associated Poisson measure mω is invariant under the action of
f . Observe also that there exist two constants c1, c2 > 0 such that c1mω(B) ≤ λ(B) ≤
c2mω(B) for all measurable sets B ⊂ T.
Let now ǫ ∈ (0, 1) and B ⊂ T be measurable such that λ(T\B) < ǫ. Then
λ
(
f−k(B)
)
≥ c1mω
(
f−k(B)
)
= c1mω(B) ≥
c1
c2
λ(B),
so that λ
(
f−k(B)
)
cannot be smaller than ǫ if c1(1− ǫ) ≥ c2ǫ. This contradicts (A2).
We now show that, provided Tf is topologically transitive, then f is an automorphism
of D. Indeed, the composition operator associated to an inner function has closed range
(see the proof of Theorem 2.2.7 in [15] where it is shown that a composition operator Tf
acting on L2 has closed range if and only if f is essentially bounded away from zero). If
we moreover assume that Tf has dense range, then we get that Tf is invertible on L
2(T).
By [15, Theorem 2.2.14], there exists a measurable map g : T → T such that, for almost
all ξ ∈ T, g◦f(ξ) = ξ. Taking the Poisson transform of this equality yields P [g]◦f(z) = z
for all z ∈ D. In particular, f has to be injective on D. It is well-known that this implies
that f must be an automorphism of D. For instance, by Frostman’s Theorem, there exists
ξ ∈ T such that fξ(z) =
f(z)−ξ
1−ξ¯f(z)
is a Blaschke product, and fξ remains one-to-one, being
the composition of an automorphism of D and an injective map. Thus, fξ is a Blaschke
product of degree 1, namely an automorphism, and f itself is also an automorphism.
Conversely, assume that f is an automorphism of D which has no fixed point in D. For
ξ ∈ T, we denote by I(ξ, ǫ) the arc of T with Lebesgue measure ǫ and midpoint ξ. Observe
also that f−1 is also an automorphism of D without fixed point in D. There exist ω1, ω2
in T (the respective Denjoy-Wolff points of f and f−1) such that fk → ω1 uniformly on
all T\I(ω2, ǫ) and f
−k → ω2 uniformly on all T\I(ω1, ǫ), ǫ > 0 (we may have ω1 = ω2;
this happens if and only if f is a parabolic automorphism of D). Fix now ǫ > 0 and let
B = T\
(
I(ω1, ǫ/2)∪I(ω2, ǫ/2)
)
. Then λ(B) ≥ 1−ǫ. Moreover, λ(f−k(B)) =
∫
T
χ
B◦f
kdλ.
Since χB ◦f
k converges uniformly to 0 on B and since λ(T\B) ≤ ǫ, we get that for k large
enough, λ(f−k(B)) ≤ ǫ. Similarly, also for k large enough, λ(fk(B)) ≤ ǫ. This ensures
that Tf is topologically mixing.

Remark 3.4. If f is an inner function, Tf induces also a bounded composition operator on
the Hardy space H2(D). It can be easily deduced from existing results in the literature
that Tf is topologically transitive on L
2(T) iff f is an automorphism of the disk without
fixed point in D. Indeed, that this condition is sufficient appears in [14]. Conversely, if
Tf is topologically transitive, then f has no fixed points in D (see [1, Prop. 1.45]) and it
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is necessarily one-to-one (otherwise, it would not have dense range since the evaluation
at a point a ∈ D is continuous in H2(D)). We conclude exactly as above.
3.3. Nonsingular odometer. In this section, we provide an example of a bijective
bimeasurable transformation f : X → X defined on a probability space X = (X,B, µ)
whose composition operator Tf acting on L
p(X,B, µ), 1 ≤ p < ∞, is topologically tran-
sitive but not topologically mixing (the example of Corollary 3.2 was defined on a space
with infinite measure). This class of transformations is known in ergodic theory as odome-
ter or adding machine
(
see [5] for more information on this topic
)
. Now we proceed with
the definitions of X and f .
The set X is defined by
(7) X =
∞∏
i=1
Ai, where Ai =


{0, 1} if i is even
{0, 1, . . . , 2i− 1} if i is odd
.
We endow Ai with the discrete topology and with the purely atomic probability measure
µi : 2
Ai → [0, 1] which assigns to the atom {j} of Ai the value µi(j) defined by
(8) µi(0) = µi(1) =
1
2
, if i is even
and
(9) µi(j) =


1− 2−i
i
for j ∈ {0, . . . , i− 1}
2−i
i
for j ∈ {i, . . . , 2i− 1}
, if i is odd.
We denote by B the product σ-algebra and by µ the product measure on X =
∏∞
i=1Ai. In
this way, X = (X,B, µ) becomes a probability space. A point of X is an infinite sequence
x = (xi)
∞
i=1 with xi ∈ Ai for each i ≥ 1.
The map f : X → X is defined as follows. If x ∈ X is the point
x∗ = (maxAi)
∞
i=1 = (1, 1, 5, 1, 9, . . .)
then f assigns to it the infinite sequence f(x∗) = (0, 0, 0, 0, 0, . . .). Otherwise, x 6= x∗, thus
there exists i ≥ 1 such that xi < maxAi. In this case, let ℓ(x) = min {i ≥ 1; xi < maxAi}
be the least positive integer i with such property and set f(x) to be the infinite sequence
whose i-th term f(x)i is
(10) f(x)i =


0 if i < ℓ(x)
xi + 1 if i = ℓ(x)
xi if i > ℓ(x).
.
The system (X, f) is sometimes called adding machine or odometer. It is well-known
that f is a homeomorphism of X . The other properties of the system (X, f) are provided
in the claims below.
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Claim A. Tf is a bounded linear operator acting on L
p(X,B, µ), 1 ≤ p <∞.
Proof. Let x = (xi)
∞
i=1 ∈ X . For each n ≥ 1, let
[x1, . . . , xn] = {y = (yi)
∞
i=1 ∈ X ; y1 = x1, . . . , yn = xn}.
Denote by µ ◦ f the Borel probability measure defined by µ ◦ f(B) = µ (f(B)) for every
measurable set B ⊂ X . The measure µ ◦ f is absolutely continuous with respect to µ and
its Radon-Nikodym derivative with respect to µ at µ-almost every x = (xi)i≥1 ∈ X takes
the value (see [?, Theorem 7, p. 118] or [5, Section 3.1])
(11)
dµ ◦ f
dµ
(x) = lim
n→∞
µ (f([x1, . . . , xn]))
µ([x1, . . . , xn])
= lim
n→∞
n∏
i=1
µi (f(x)i)
µi(xi)
.
Let k = ℓ(x). Suppose first that k = 1. By (7), A1 = {0, 1}, thus x1 = 0. Moreover, by
(10), we also have f(x)1 = 1 and f(x)i = xi for every i ≥ 2. Therefore, by (11), we have
that
(12)
dµ ◦ f
dµ
(x) =
µ1 (f(x)1)
µ1(x1)
=
µ1(1)
µ1(0)
=
2−1
1− 2−1
= 1.
Assume now that k ≥ 2, then (7), (8), (10) and (11) lead to
(13)
dµ ◦ f
dµ
(x) =
µk(xk + 1)
µk(xk)
k−1∏
i=1
µi(0)
µi(maxAi)
=
µk(xk + 1)
µk(xk)
k−1∏
i=1
i odd
1− 2−i
2−i
.
If k ≥ 2 is even, then µk(xk+1) =
1
2
= µk(xk), which together with (13) yields
dµ◦f
dµ
(x) ≥ 1.
Otherwise, k ≥ 3 is odd, then (9) and (13) implies
dµ ◦ f
dµ
(x) ≥
2−k
1− 2−k
·
1− 2−(k−2)
2−(k−2)
≥
1
4
·
(
1−
3
2k − 1
)
≥
1
7
.
Putting it all together, we obtain that dµ◦f
dµ
(x) ≥ 1
7
for µ-almost every x ∈ X . This, in
turn, implies that µ(f(B)) ≥ 1
7
µ(B) for every measurable set B. Hence, Tf is a well-
defined bounded linear operator (see [15, Theorem 2.1.1]). 
Claim B. Tf is topologically transitive.
Proof. We will verify Condition (C1) in Corollary 1.3. For each n odd, let An = Bn ∪Cn,
where
(14) Bn = {0, . . . , n− 1} and Cn = {n, . . . , 2n− 1}.
Let ε > 0 and n be an odd integer such that 2−n < ε. Let
B = {x = (xi)
∞
i=1 ∈ X ; xn ∈ Bn} .
By (9), as n is odd, we have that µ(B) = µn(Bn) = 1−2
−n > 1−ε. Therefore, µ(X\B) < ǫ.
Let k = n
∏n−1
i=1 |Ai|, where |Ai| denotes the cardinality of Ai. Then, for any x ∈ B, we
have that
fk(x)i =


xi if i 6= n
xn + n if i = n.
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Hence, fk(B) ⊂ {x ∈ X ; xn ∈ Cn}, verifying that B ∩ f
k(B) = ∅. 
Claim C. Tf is not topologically mixing.
Proof. We will prove that f does not satisfy Condition (D2) in Corollary 2.2. This together
with the fact that µ is finite prevents Tf from being mixing.
By way of contradiction, suppose that f satisfies Condition (D2) in Corollary 2.2. In
particular, for ǫ = 0.1, there exist an odd integer n ≥ 1 and measurable sets {Bk}
∞
k=n
such that
(15) µ(X\Bk) < 0.1 and Bk ∩ f
k(Bk) = ∅ for every k ≥ n.
For i ∈ An and j ∈ An+1, define
Ei = {x ∈ X ; xn = i} and Ei,j = {x ∈ X ; xn = i and xn+1 = j}.
Let k =
∏n
i=1 |Ai|, where |Ai| denotes the cardinality of Ai, then k ≥ n. By the first
inequality in (15), we have that µ(Bk) > 0.9. As ∪
2n−1
i=1 Ei = X , there is i ∈ An such
that µ(Bk ∩ Ei) > 0.9µ(Ei). As n + 1 is even, we have by (7) that An+1 = {0, 1}, thus
Ei = Ei,0 ∪ Ei,1 and µ(Ei,0) = µ(Ei,1) = 0.5µ(Ei), which lead to
µ(Bk ∩ Ei,0) > 0.4µ(Ei) and µ(Bk ∩ Ei,1) > 0.4µ(Ei).
As k =
∏n
i=1 |Ai|, we have that if x ∈ Ei,0, then f
k(x)j = xj for all j 6= (n + 1) and
fk(x)n+1 = 1. Hence, f
k(Bk ∩ Ei,0) ⊂ Ei,1. Moreover, as µn+1(0) = µn+1(1) = 0.5, we
have that µ
(
fk(Bk ∩ Ei,0)
)
= µ(Bk ∩Ei,0)> 0.4µ(Ei). Hence, we have that f
k(Bk ∩Ei,0)
and Bk ∩Ei,1 are both subsets of Ei,1, each having µ-measure at least 0.4µ(Ei). However,
as Ei,1 has µ-measure 0.5µ(Ei), we have that (Bk ∩ Ei,1) ∩ f
k(Bk ∩ Ei,0) 6= ∅. This, in
turn, implies that Bk ∩ f
k(Bk) 6= ∅, which contradicts (15). 
3.4. A topologically transitive composition operator on a non σ-compact Borel
space. In this subsection, we give an example of a topologically transitive composition
operator on a Borel space which is not σ-compact. We start with a Borel probability space
(Y, ν) which is not σ-compact (for instance, Y could be an infinite dimensional Banach
space endowed with a Gaussian measure). Let X = [0, 1]× Y endowed with the product
topology and let µ = dx⊗ν. The map f is defined on [0, 1]×X by (a, y) 7→ (a/2, y). Then
since 1
2
µ(B) ≤ µ
(
f(B)
)
≤ 2µ(B), Tf defines a bounded composition operator on L
1(µ).
It satisfies clearly condition (C2) by choosing B = [ǫ, 1]× Y and k ≥ 1 with 2−k < ǫ.
3.5. A topologically mixing composition operator induced by a non-bimeasurable
transformation. We now give an example of a topologically mixing composition opera-
tor induced by a non-bimeasurable transformation. Let Z be endowed with the σ-algebra
B generated by the sets {k}, k < 0, and the sets {2k, 2k + 1}, k ≥ 0. Let f : Z → Z be
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defined by
f(n) =


0 if n = −2
2 if n = −1
n+ 4 if n ≥ 0
n+ 1 if n ≤ −3.
Then f is measurable yet not bimeasurable: the image of the measurable set {−2} by f
is {0} which is not measurable.
We endow B with the following finite measure µ: for k < 0, µ({k}) = 2k and for k ≥ 0,
µ({2k, 2k + 1}) = 2−k.
Proposition 3.5. Tf is a topologically mixing transformation of L
2(Z,B, µ).
Proof. We first observe that f−1(B) = B. This follows from

f−1({k + 1}) = {k} if k ≤ −3
f−1({0, 1}) = {−2}
f−1({2, 3}) = {−1}
f−1({2k + 4, 2k + 5}) = {2k, 2k + 1} if k ≥ 0.
Moreover, let ǫ > 0. There exists n ≥ 1 large enough such that µ(Cn) < ǫ/2 and
µ(Dn) < ǫ/2 where
Cn = {2n, 2n+ 1, . . . }, Dn = {−2n,−2n− 1, . . . }.
We set B = Z\(Cn ∪ Dn). To conclude, it suffices to observe that for k large enough,
fk(B) ⊂ Cn and f
−k(B) ⊂ Dn. 
4. Bi-lipschitz µ-transformations
In this section, we provide a fairly comprehensive study of the composition operator
when f is a bi-Lipschitz µ-contraction. This study reveals how necessary and how em-
bracing the hypotheses of our main theorems are.
Throughout this section, we assume that X = (X,B, µ) is a σ-finite measure space,
X ⊂ L0(µ) is any admissible Banach space of functions defined on X , and f : X → X is
a bimeasurable map such that the composition operator Tf : ϕ 7→ ϕ ◦ f is bounded on X .
We say that f is a bi-Lipschitz µ-transformation if there exist 0 < c1 ≤ c2 such that for
every measurable set B,
(16) c1µ(B) ≤ µ (f(B)) ≤ c2µ(B).
Note that if f is a bi-Lipschitz µ-transformation and X = Lp(X,B, µ), then f is nonsin-
gular and the composition operator Tf is bounded on X . If f satisfies (16) with c2 < 1,
then f is called bi-Lipschitz µ-contraction.
The next proposition shows that within the category of one-to-one bi-Lipschitz µ-
contractions, topological mixing is equivalent to topological transitivity.
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Proposition 4.1. Let (X,B, µ) be a σ-finite measure space and f : X → X be a one-to-
one bi-Lipschitz µ-contraction. Then one of the following happens:
(E1) µ
(
∩k≥1f
k(X)
)
= 0 and Tf is topologically mixing;
(E2) µ
(
∩k≥1f
k(X)
)
6= 0 and Tf is not topologically transitive.
Proof. Let Λ = ∩k≥1f
k(X), then f(Λ) = Λ. Suppose first that µ(Λ) = 0.
LetW = X\f (X), thenW∩fk(W ) = ∅ and f−k(W ) = ∅ for every k ≥ 1. This together
with the injectivity of f implies that the sets {fk(W ), k ∈ Z} are pairwise disjoint. By
the injectivity of f , for every k ≥ 0, fk(W ) = fk (X) \ fk+1(X), thus
(17) W ∪ f(W ) ∪ · · · ∪ fk−1(W ) = X
∖
fk (X) for every k ≥ 1.
In this way, we have that
(18)
⋃
k≥0
fk(W ) = X
∖⋂
k≥1
fk(X) = X \ Λ.
Since µ(Λ) = 0, we have that {fk(W ) : k ≥ 0} is a partition of X mod µ. We shall verify
condition (B2) of Theorem 1.2. Let A ∈ B with finite measure and ǫ > 0. We know that∑
k≥0 µ
(
A ∩ fk(W )
)
= µ(A), thus there exists k0 ≥ 0 such that
(19)
∑
k≥k0
µ
(
A ∩ fk(W )
)
< ǫ.
Set Bk =
(
W ∪ f(W ) ∪ · · · ∪ fk−1(W )
)
∩ A. By (19), µ(A\Bk) < ǫ for every k ≥ k0.
Moreover, f−k(Bk) = ∅ whereas, by (16), µ
(
fk(Bk)
)
≤ ck2µ
(
Bk
)
< ǫ for every k big
enough, showing that condition (B2) is indeed satisfied.
Now suppose that µ(Λ) 6= 0. Let A ⊂ Λ be a set of positive measure. Let B ⊂ A be such
that µ(B) ≥ µ(A)/2. Then, since B ⊂ A ⊂
⋂
k≥1 f
k(X), the injectivity of f ensures that
fk(f−k(B)) = B. Since f is a µ-contraction, this implies µ
(
f−k(B)
)
≥ µ(B) ≥ µ(A)/2
for all k ≥ 1. Hence, (A2) is not satisfied and Tf is not topologically transitive. 
Remark 4.2. It is sufficient to assume that f is a weak µ-contraction (namely to assume
that (16) with c2 = 1) to prove that the condition µ
(
∩k≥1f
k(X)
)
6= 0 implies that Tf is
not topologically transitive.
Example 4.3. Let µ be the Lebesgue measure, then the following assertions hold true:
(i) The one-to-one bi-Lipschitz µ-contraction x ∈ [0, 1] 7→ x
2
satisfies (E1);
(ii) The bijective bi-Lipschitz µ-contraction x ∈ R 7→ x
2
satisfies (E2);
(iii) The one-to-one bi-Lipschitz µ-contraction (x, y) ∈ [0, 1]×R→
(
x
4
, 2y
)
satisfies (E1).
The following corollary follows straightforwardly from Proposition 4.1.
Corollary 4.4. Let (X,B, µ) be a σ-finite measure space and f : X → X be a one-to-one
bi-Lipschitz µ-contraction. Then one of the following happens:
(a) If µ is finite then Tf is topologically mixing;
(b) If f is bijective then Tf is not topologically transitive.
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Proof. As f is a µ-contraction, for some 0 ≤ c2 < 1 and every k ≥ 1, we have that
µ
(
fk(X)
)
≤ ck2µ(X). Hence, if µ is finite then µ
(
∩k≥1f
k(X)
)
= 0 and Tf is topologically
mixing by Condition (E1) in Proposition 4.1. On the other hand, if f is bijective, then
µ(X) = µ (f(X)) ≤ c2µ(X), implying µ
(
∩k≥1f
k(X)
)
= µ(X) = ∞. In this case, by
Condition (E2) in Proposition 4.1 we have that Tf is not topologically transitive. 
In finite measure spaces, the hypothesis of µ-contraction is not necessary for topological
mixing. Let (X,B, µ) be a finite measure space and f : X → X be a bi-Lipschitz µ-
transformation. We say that a measurable set W is a wandering set for f if its iterates
{fk(W ) : k ∈ Z} are pairwise disjoint. We say that W is exhaustive if µ
(
∪k∈Zf
k(W )
)
=
µ(X). We say that f is µ-dissipative if it admits an exhaustive wandering set. The
following result generalizes the item (a) of Corollary 4.4.
Proposition 4.5. Let (X,B, µ) be a finite measure space and f : X → X be a one-to-one
µ-dissipative transformation, then Tf is topologically mixing.
Proof. The proof consists in verifying Condition (D2) in Corollary 2.2. Since f is µ-
dissipative, it admits an exhaustive wandering set W . Hence, given ǫ > 0, there exists
k0 ≥ 1 and B = ∪
k0
k=−k0
fk(W ) such that µ(X\B) < ǫ. Moreover, for every k ≥ 2k0 + 1,
say k = 2k0+1+p, where p ≥ 0, we have that f
k(B) = ∪3k0+1+pℓ=k0+1+pf
ℓ(W ), thus fk(B)∩B =
∅. 
The notion of µ-dissipative transformation is broad in the sense that it includes all the
µ-transformations satisfying Condition (E1) in Proposition 4.1.
Proposition 4.6. Let (X,B, µ) be a finite measure space and f : X → X be a one-to-one
bi-Lipschitz µ-transformation satisfying µ
(
∩k≥1f
k(X)
)
= 0, then f is µ-dissipative.
Proof. Let W = X\f(X). By the proof of Proposition 4.1, {fk(W ) : k ≥ 0} are pairwise
disjoint measurable sets. Moreover, fk(W ) = ∅ for every k < 0, which implies that
{fk(W ) : k ∈ Z} are pairwise disjoint. Moreover, by (18), W is an exhaustive wandering
set, thus f is µ-dissipative. 
The following example shows that the notion of µ-dissipativity embraces transforma-
tions that are not µ-contractions.
Example 4.7. Let X = [0, 1] be the unit interval endowed with the Lebesgue measure µ.
The following are examples of µ-dissipative transformations that are not µ-contractions:
(a) f : X → X defined by f(x) = log (1 + x).
(b) f : X → X defined by x 7→ x
2
on
[
0, 1
2
)
and x 7→ 3
2
x− 1
2
on
[
1
2
, 1
)
.
Proof. (a) Let ak = f
k(1), k = 0, 1, 2, . . ., then {ak} is a strictly decreasing sequence
bounded below by 0. Let a = limk→∞ ak, then, by the continuity of f , we have that a is
the unique fixed point of f , that is, a = 0. Let W = [a1, a0), then f
k(W ) = [ak+1, ak) and
hence W, f(W ), . . . are pairwise disjoint sets whose union is ∪k≥0f
k(W ) = (0, 1). Hence,
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W is an exhaustive wandering set and f is dissipative. Moreover, f ′(0) = 1, which pre-
vents f from being a µ-contraction.
(b) Let ak = f
k
(
1
2
)
, k ∈ Z. Then {ak}
∞
k=0 is decreasing while {ak}
−∞
k=0 is increasing. By
arguing as in the item (a), we may show that limk→∞ ak = 0 and limk→−∞ ak = 1. Let
W =
[
1
2
, f
(
1
2
))
, then W is an exhaustive wandering set and f is µ-dissipative. Moreover,
since µ (f(X)) = µ(X) = 1, we have that f is not a µ-contraction. 
We conclude this paper by showing that the assumption that f is one-to-one in the
statement of our results cannot be weakened.
We say that f is essentially one-to-one if there does not exist any disjoint measurable
sets A,B of positive µ-measure such that f(A) = f(B). The next result states that, within
the world of bi-Lipschitz µ-transformations, the property of being essentially one-to-one
is a necessary condition for topological transitivity.
Lemma 4.8. Let (X,B, µ) be a finite measure space and f : X → X be a bi-Lipschitz
µ-transformation. If Tf is topologically transitive, then f is essentially one-to-one.
Proof. Suppose that f is not essentially one-to-one, i.e., that there are disjoint sets A and
B with µ(A) · µ(B) > 0 and f(A) = f(B). We will show that Tf is not topologically
transitive by proving that Tf (X ) is actually not dense in X . Remember that X ⊂ L
0(µ)
is any Banach space of functions satisfying (H1)-(H4).
As µ(A) <∞, χA ∈ X by (H1). Let ǫ > 0 be such that c2ǫ <
1
2
µ
(
f(B)
)
, where c2 > 0
is as in (16). Let δ > 0 be such that (H3) holds with the previously fixed ǫ. We will
show that there is no ϕ ∈ X with ‖ϕ ◦ f − χA‖ < δ/2. To obtain a contradiction assume
that such a ϕ exists and let ψ = 2
(
ϕ ◦ f − χA
)
. Let B′ =
{
x ∈ B : |ϕ(f(x))| ≥ 1
2
}
. As
B′ ⊂ B ⊂ X\A, we have that χA = 0 on B
′, thus |ψ| ≥ 1 on B′. Moreover, by the choice
of ϕ, we have that ‖ψ‖ < δ. By (H3) applied to S = B′, we have that µ(B′) < ǫ. By
(16), µ (f(B′)) ≤ c2ǫ <
1
2
µ (f(B)) . Let
C =
{
y ∈ f(B) : |ϕ(y)| <
1
2
}
= f(B)\f(B′), thus µ(C) >
1
2
µ (f(B)) .
Analogously, let
A′ =
{
x ∈ A : |ϕ(f(x))| ≤
1
2
}
and D =
{
y ∈ f(A) : |ϕ(y)| >
1
2
}
= f(A)\f(A′).
Arguing exactly as above, we may ensure that µ(D) > 1
2
µ
(
f(A)
)
. Since f(A) = f(B),
we have that C and D are two disjoint subsets of f(B) both with measure greater than
1
2
µ(f(B)), yielding a contradiction. 
Lemma 4.8 leads to the following explicit example, which satisfies Conditions (C4) and
(D4) but not the requirement that f is one-to-one.
TOPOLOGICAL TRANSITIVITY AND MIXING COMPOSITION OF OPERATORS 17
Example 4.9. Let X = [0, 1] be endowed with the Lebesgue measure µ and f : X → X
be the bi-Lipschitz µ-contraction defined by x 7→ x
2
on
[
0, 1
2
)
and x 7→ x
2
− 1
4
on
[
1
2
, 1
]
,
then lim supk→∞ µ
(
fk(X)
)
= 0 but Tf is not topologically transitive.
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